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Abstract

Vibration is commonly used in industrial parts feeding and dignment processes, and
to provide energy to encourage mobility among self-asseminlg parts. We are studying
a simple model of agitation where planar parts are repetitiely thrown by a simple one-
degree-of-freedom throwing surface, caught, and allowedot settle. Throwing actions
result in nonlinear discrete-time maps in the parts' con guration space, exhibiting
behaviors such as unique xed points and uncertainty-reduing forward limit sets with
large basins of attraction. We show how to shape these maps bghoosing the arm
geometry, throwing velocity, and mass parameters of the pas. In some cases, we can
design a single map that is guaranteed to uniquely position ad orient a part. In other
cases, we can design multiple maps, corresponding to di erd throw velocities, such
that the composition of the maps can be used to drive multipleparts to a desired
assembly. Switching between the throw actions is triggeredby simple sensors that
recognize when the system has achieved a con guration in théasin of attraction of a
subsequent map.

Keywords: parts handling, self-assembly, stable limit sets, sensesls manipulation, throw-
ing and catching.

1 Introduction

Traditional robot assembly relies on a monolithic robot to squentially assemble individual
parts into a growing assembly. With an eye toward future mi@- and nano-scale devices
consisting of large numbers of partsself-assemblyaims to distribute the assembly program,
typically concentrated in the powerful robot manipulatingthe \dumb" parts, to the parts
themselves. While a great deal of work in self-assembly fees solely on designing parts so
that they only bond in ways consistent with a desired static ssembly, the design space of
self-assembling systems can include the following dimeorss:



1. Part physical characteristicssuch as shape, mass properties, friction, restitution, wagbil-
ity, charge, chemical, and other properties.

2. Local sensing, communication, computation, and actuatiohy the parts, creating inter-
action rules beyond those that can be implemented by the papthysical characteristics
alone.

3. Properties of the environmentsuch as templates, xtures, shaped force elds, and
energy input such as heating or agitation.

4. Centralized feedback controlvhere the actuation of the environment is based on the
sensed state of the assembly process.

Most work on small-scale self-assembling systems focusestem 1. Ongoing e orts to
develop \smart" parts [Hosokawa et al., 1994, Bowden et al1997, Terfort and Whitesides,
1998, Yeh and Smith, 1994, Saitou, 1999, Saitou and Jakiel&995, Klavins, 2003, Klavins
et al., 2006] are aimed at taking advantage of the capabil@s in item 2 to achieve more
exibility in the self-assembled structures. Studies inpattern formation [Buchholtz et al.,
1995, Hill et al., 1999a, Hill et al., 1999b, Zik et al., 1994&0sato et al., 1987] in granular
ows attempt to develop explanations for the e ects of charateristics in items 1 and 3 on
the spontaneous formation of patterns in agitated homogeoes and heterogeneous granular
media. Sensorless robot manipulatiofAkella and Mason, 1998, Donald, 1995, Erdmann
and Mason, 1988, Goldberg, 1993] focuses on designing »xarand open-loop motions of
manipulators to sort or feed parts (item 3), while one goal ominimalist robotics [Akella
et al., 2000,Berretty et al., 1999,Rusaw et al., 1998] is tadign the simplest sensors necessary
to create useful feedback controllers (item 4) [Erdmann, 99]. One assumed property of
centralized feedback control (item 4) is that the sensory formation and control authority is
limited; otherwise the environment could directly and indpendently actuate the parts, and
we would be back to the traditional model of robot assembly. \Een though the centralized
control authority is limited, it can play a useful role. Congder, for example, a sensor-based
annealing pattern, where the environment is actuated with igh energy when the parts are
far from forming an assembly, but with lower energy as the amsibly forms. We consider
just such an example in this paper.

Just as traditional assembly sequences can be planned auttdivally, ideally we would
be able to automatically distribute the \assembly program“for a desired assembly into the
characteristics of the parts, the environment, and the cerdlized feedback controller. This is
far beyond our current capabilities. To begin to gain insighinto the tradeo s o ered by the
design dimensions described above, in this paper we studgnple examples of self-assembly
combining the design of part physical characteristics (ita 1), properties of the environment
(item 3), and centralized feedback (item 4).

Our interest in this paper is in the assembly of rigid parts, rasoscale or larger, under
low-degree-of-freedom external forcing of the parts' supg surface. In short, the goal is to
literally throw together an assembly: to design the propeigs of the parts, and the geometry
and motion of the parts' support surface, such that there is &ingle, globally attractive
xed point of the dynamical system | the desired assembly. The idea is related to one
considered by Penrose and Penrose in 1957 [Penrose and Pszrd957], who showed that



Figure 1. The Sony APOS parts orienting system (from [Masor2001]).

multiple copies of two specially-designed complementarygmar parts on a horizontal track
\assemble” into linked pairs under horizontal shaking of tk track (but only if the system is
rst seeded with one or more assemblies).

The problem of throwing together an assembly is challengingarticularly considering
that the only \binding" forces between parts are due to locapotential wells induced by
gravity and complementary part-part or part-environment gcometries. Nonetheless, such a
system is not completely without precedent. The commercigony APOS parts orienting
system (Fig. 1) produces a tray of oriented parts by a simpleg#ation strategy [Hitakawa,
1988]. Parts wash over the vibrating tray, and the tray has p&shaped depressions such
that parts that fall into the depressions in the right orientation stay there, and those that
fall in the wrong orientation pop back out. These parts contiue into a return bin and then
are dumped over the tray again. This process continues seaktimes, with no sensing, and
the result is a tray of oriented parts (with perhaps a small nonber of empty depressions).
This is a kind of templated self-assembly. The design proleis to nd an appropriate
depression shape and vibration pro le for the given part. Quently this problem is solved
by experimental trial-and-error.

1.1 The Example System

Consider the following scenario. Two rigid planar polygonaarts, constrained to move in
a vertical plane in gravity, initially rest on a support surface. The support surface is a one-
degree-of-freedom arm that throws the parts, lets them séd¢t to a new con guration, then
repeats. The system is a driven, dissipative, nonlinear dgmical system, with dynamics
determined by repeated impacts, friction, and gravity. Thegoal is to bring the two parts
into a desired relative con guration (i.e., an assembly).

Although this system is simple compared to many existing ingtrial feeding devices, the
dynamics are highly complex, and it is di cult to apply the model-based rational mechanics
approach, which has had signi cant success in kinematic,atc, and quasistatic manipulation
planning (see, e.g., [Mason, 2001]). This approach is based precise knowledge of part
geometries, mass properties, and friction and restitutiooe cients, and uses Newton's



laws, Coulomb friction, and various models of impact. For sfems of many interacting
parts, though, this level of modeling may be too detailed. J&i as Newton's laws are more
useful than quantum mechanics for understanding rigid bodgynamics, a higher level of
modeling may be more appropriate in the design of self-asdading systems.

This issue was addressed by Berkowitz and Canny [Berkowitmé&Canny, 1996], Mirtichet
al. [Mirtich et al., 1999], Gudmunddson and Goldberg [Gudmund®n and Goldberg, 1999],
and Moll and Erdmann [Moll and Erdmann, 2000], who suggestandethodologies for parts
feeder design based on statistics accumulated during actusxperiments or simulations.
Because of the complexity of the dynamics, the feeders aredted as black boxes, and the
behavior of the system is modeled simply by statistics. This a high-level description of
the system dynamics, with limited power to suggest changes design to achieve desired
behavior.

In this paper we consider an intermediate level of modelingiore abstract than the low-
level rational mechanics model but more useful for designah input-output statistics. In
the present work and in [Murphey et al., 2005, Murphey et al2004], our approach is to use
gualitative features of the induced dynamical system, suchs ergodicity or the existence of
limit sets or xed points. Each throw and catch of the parts irduces a discrete-timahrow
map that maps the initial resting con gurations of the parts to new resting con gurations?
Although simulation or experiment may be required to get thaletails of a throw map, the
existence of certain qualitative features of the map is rolsty such as a small number (perhaps
just one) of entropy-reducing forward limit sets for all posible initial con gurations of the
parts. (See [Sanderson, 1984] for more on entropy in assgmblin this paper, we show
that it is sometimes possible to create throw maps with uniqgi stable xed points, with
large basins of attraction, by designing the mass propertieof the parts (item 1) and the
throwing velocity and geometry of the arm (item 3). When thisis not possible, we can
design multiple throw maps, di ering only by the throwing vdocity, where each map can
be viewed as a \funnel" that collapses a relatively large basof attraction into a smaller
set in the con guration space. This results in a partial ordeng of funnel maps, where
the \spout" of a funnel is inside the \mouth" (basin of attraction) of a funnel of higher
priority, and the highest priority funnels have spouts consting of the desired assembled
state. Sensors (item 4) need only recognize when the systemini the basin of attraction of a
higher-priority funnel, allowing for the design of very simle sensors [Erdmann, 1995]. This
view of sensor-based composition of dynamical systems iplexed in detail in [Burridge
et al., 1999].

Fig. 2 gives a conceptual example in a one-dimensional conmgtion space. In this
example, there are three throw maps: one low-priority higlenergy map (not shown) that
randomizes the con guration; one medium-priority map (Fig 2 (left)) that collapses a large
volume of the con guration space to a forward limit set consting of a period-two orbit;
and one high-priority low-energy map (Fig. 2 (right)) that mllapses a small volume of the
con guration space to a single xed point (the desired assdboly). This last funnel map is
designed so that one of the points of the period-two spout oh¢ medium-priority map is

IDiscrete-time throw maps resemble the Poincae maps develped for certain juggling systems [Aboaf
et al., 1989, Sakaguchi et al., 1991, Schaal and Atkeson, 199.ynch and Black, 2001, Ronsse et al., 2006,
Buehler et al., 1994, Rizzi and Koditschek, 1992, Buhler andKoditschek, 1990]. Our goal is to \juggle"
together an assembly.
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Figure 2: Conceptual one-dimensional discrete-time thromaps. Left: A medium-priority
map from the initial part state x to the state T (x) after a throw and catch. This map yields
a forward limit set consisting of a period two orbit with a bag of attraction as indicated.
Right: A high-priority map with a stable xed point with the b asin of attraction indicated.

in its mouth. In this case, sensors need only recognize whdretsystem con guration is in
the basins of attraction of the medium-priority and high-prority funnel maps. Provided the
randomization map is guaranteed to eventually bring the sysm in the basin of attraction
of the medium-priority map's basin of attraction, assemblyis guaranteed. (See [Erdmann,
1993] for more on the utility of randomization in robot maniplation.)

This simple example avoids two basic complications of the sembly problems we are
interested in: (1) the composite con guration space for mtiple parts may be high dimen-
sional, and (2) real throw maps are e ectively stochastic athe resolution with which the
system can be sensed and controlled. The second issue ardoestochastic representations
and estimates on the likelihood of assembly as a function afte. This does not a ect the
essential funneling behavior, however, even if it is expsed in terms of funneling probabil-
ity mass. The more serious issue is the rst. Higher-dimermial con guration spaces may
allow for signi cantly more complex dynamical behavior, ieluding chaotic behavior, strange
attractors, and a number of coexisting funnels with mouthsrad spouts of di erent dimen-
sions within a single throw map. Our approach has been to fogwn small numbers of parts
(one or two) and low-energy throws, where these behaviorseararely observed. High-energy
throws are used simply for randomization. The relatively v dimension of our con guration
spaces means that the mouths of some low-energy funnel mapsé signi cant measure in
the parts' resting con guration space, so that randomized @ions are likely to nd these
basins of attraction.

1.2 Contributions and Overview

The work in this paper builds on [Lynch et al., 2002], where itvas observed that a single
planar part, subjected to repeated identical throws by a on@int arm, will enter a unique
forward limit set from almost any initial con guration on th e arm. The speci ¢ contributions
of the current paper are:

Constructive controllability of a single part.We begin by showing that a single polyg-
onal part can be repetitively thrown to reach a desired posdn and orientation on the



arm. This controllability result is suggestive of the feasility of subsequent assembly
tasks.

Design of a part and xture to achieve a globally attractivexed point. By modifying the
mass properties of the part (item 1) using optimization metbds and adding a xture
to the arm (item 3), we can transform the forward limit set of asingle throw map into
an essentially globally-attractive xed point. This is an alvantage over [Lynch et al.,
2002] where a stable limit cycle is achieved, but not a stablged point.

Sensor-based self-assembly of two parBy introducing feedback with a simple one-bit
sensor (item 4), we switch between a low-priority high-engy randomization throw map
and a high-priority low-energy assembly throw map to achievglobal \self-assembly"”
of two triangular parts into a rectangle.

An intermediate level of modelingWe combine low-level rational mechanics modeling
with an intermediate level of modeling based on robust qu#ditive features of the throw
maps.

In Section 2 we describe the experimental system, establisbtation, and review a previ-
ous experiment in repetitive throwing and catching of a sirlg part that led to the experiments
in this paper. In Section 3 we derive constructive controllality conditions for throwing and
catching a single part and use these to derive a feedback ttniag controller to position a
part on the arm using only two one-bit sensors. Section 4 de#es design of arm throwing
velocity and part mass properties to create a desired forwalimit set behavior for the part.
By the addition of a xture, the globally-attractive forwar d limit set can be turned into a
globally-attractive xed point of the con guration of the p art. In Section 5, we demonstrate
the assembly of two triangular parts into a rectangular parin a potential well created by a
xture. The assembly process consists of two throwing actis: a high-energy low-priority
throwing motion that randomizes the con guration of the pats, and a low-energy high-
priority throwing motion that induces the two parts to assenble. A simple sensor is used to
detect when the parts are in the basin of attraction of the asgnbly under the low-energy
throwing motion. Conclusions are given in Section 6.

2 Background: Limit Sets in Throwing and Catching

The Flatland testbed for assembling planar parts by throwig and catching is shown in
Fig. 3. The Flatland setup is composed of a large air hockeylike that supports objects
with a nearly frictionless air bearing. The angle of the tal@ is adjustable, providing control
of the e ective gravity in the support plane. For the experinents presented here, it is set at
an angle of 80 from horizontal (giving us 98.5% of normal gravity) to ensug the part stays
on the table. Parts rest on a 1DOF rotary arm, and the motion othe arm is controlled
to throw the parts. The parts then settle on the stationary am. The arm is covered by
a thin layer of high-friction slow-recovery foam (Lendell N, type PHS-14) and is driven
by a 6W Harmonic Drive RH-8 3006 gearmotor. The air table sumpts an extruded 80/20
aluminum superstructure on which lights and camera are moted. A Cognachrome vision
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Figure 3: The Flatland experimental system consists of anrahockey table used as an air
bearing, a single-degree-of-freedom robotic arm that cahrow parts, and a camera used for
data acquisition.

Figure 4: A part is thrown by an impulse from the rotary arm, inpacts, and settles back to
rest.

board calculates the positions and orientations of parts othe table for purposes of data
acquisition.

An initial experiment by Lynch, Northrop, and Pan [Lynch et d., 2002] studied impulsive
throwing and catching of a single polygonal part (Fig. 4). Tk \throw map" maps an initial
con guration of the part to a nal con guration after the par t settles. The con guration
space isR* N mod(n), where N mod(n) indicates the set ofn stable sides the polygon can
come to rest on andR* indicates the distance (\radius") along the arm from the jont. When
the arm repetitively executes identical impulsive throwig motions, it was shown that, for
some arm geometries and throwing impulses, the part eventlyaenters the same limit set
of resting con gurations regardless of its initial con guation. The cyclic pattern consists of
\jogs" (small translational motions away from the joint while the part remains in the same
orientation) and \ ips" (counterclockwise rotation that u sually moves the part back toward
the arm joint, seen in Fig. 4). A globally attractive forward limit set for a triangular part
can be seen in Fig. 5. With the resting sides of the trianglebaled Q 1;2 in the clockwise
direction, the limit set consists of outward jogs on side O tihthe part hits a critical radius
at which it ips onto side 1. Then it jogs until it ips to side 2 . Finally, it jogs outward until
it ips back to side 0, where the cycle repeats.

To understand this behavior, and to set the stage for our newxperiments, we describe
the equations of motion for this system.

2.1 Notation

We de ne an inertial xy coordinate frame at the axis of the one-degree-of-freedohrdwing
arm, where gravity acts in the y direction (Fig. 6). The throwing arm geometry is described



Figure 5: A simulated forward limit set for throwing and catting. from Fig. 4. The arrows
indicate the motion of the part and its transitions from one &le to the next.
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Figure 6: Part parameters.

by the single parameterh, which gives the height of the throwing surfacey(= h) when the
arm is horizontal. We choosé < 0 to achieve desired limit set behaviors.

A part is a convex polygon, and its con guration at rest on thearm is given by the side
i on which it rests and thex coordinate of its center of mass, denoteR. Thus a resting
con guration of the part is denoted (R;i) or (x;i). While resting on edge on the horizontal
arm, the height of the center of mass above the support surkaisd > 0 and the vectors from
the center of mass to the left and right support vertices areu ;v < 0] and [uk; vk < 0],
respectively. (Noted = vi = vi.) The side isstablein gravity if ul < 0 andul > 0.
The part is assumed to haven stable sides, so that its resting con guration space R* N
mod(n). The mass of the part ism and its radius of gyration is .

2.2 Flight Equations

The arm throws the part with an impulse|it releases the part at an angular velocity of
—+ > 0 with negligible displacement of the arm and no slipping ofhe part. During ight,
the con guration of the part is written [x(t); y(t); (t)], wheret =0 at release and the angle

is measured with respect to the initial orientation of the pa. The (integrated) equations
of motion of the part in ight are

2 3 2 | 3
X(t) R (h+d).t

4yt) 5=4 h+d+ R t+ Igt?>: (1)
(t) Lt



The location of the (initially bottom left) vertex can be written

Vi(t) _ x(t) , cos( (1) sin( (1) up 2)
W (1) y(t) sin( (1)) cos( (1)) v °

Substituting Eq. (1) into Eq. (2) and knowing (by assumptior) that the time of impact will
be when the left bottom vertex hits the horizontal arm ¥ (t) = h), we solve

; 1 . . .
Vy(t)= h+d + R t+ égt2 +sin( 4t)ul +cos(+t)v, = h (3)

for the smallest positive value ot to get the ight time timpact . Other possible solutions to
this transcendental equation are discarded.

2.3 Impact Equations

When the part impacts with the arm after a throw, we assume thiafriction is high enough
and restitution is low enough that the part does not slide or bunce. This is approximately
realized in experiment by the thin layer of foam covering tharm. Let the part pre-impact
velocity at timpact D€ X_;y ; — ], the post-impact velocity be k*;y*; =], and [r4; ry] be the
vector from the center of mass to the vertex that impacts theran. By our no-slip no-rebound
impact assumption, the post-impact velocity is

e’ 1 C(Potnx ny)

4yt 5= A P— oy +ry ) S 4)

oAy Y

|><
+ 17+
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(see [Lynch et al., 2002] for details).

By assumption, after impact the part comes to rest on eitherhte initial stable sidei (a
jog) or on the next stable sidé + 1 mod(n) (a ip). In the space of orientations of the part,
there is a potential energy peak at the critical angle wheréhe part balances unstably on a
vertex between falling toward sidel or toward sidei + 1. To determine whether the part
has su cient post-impact energy to cross this peak, we evafie its post-impact potential
energy mry and its post-impact kinetic energy%m((y)2 +(y")?+( 2)?. Depending on
whether the part has enough energy to cross the peak, the padlls without slipping to rest
on its new stable side, and the new coordinate of the part is calculated accordingly.

2.4 Throw Map

The composition of the ight and impact equations yields thethrow map Given an initial
rest con guration (Xg;io), the new con guration after a throw with angular velocity - is
written

(Xt ;1¢) = T " (Xo;10)
or simply T(Xo;io) if the release velocity is implicit. If the throw energy is mall, the part

jogs to a new position withi; = iq. If the throw energy is large, the part ips to a new side
it = (i+21)mod(n).



The result of a sequence & throws at angular velocity — is written

(T ) (xo;i0)

compactly as

k 1 . Y( i .
T 10 T7(Xp;lp) = T 7 (Xo;l0):
j=1
To discuss the result of a sequence of identical throws, weeue following de nition.

De nition 2.1  Consider amapb: Z ! Z. The mapb has aforward limit point q2 Z
of z 2 Z if there exists exists a sequence of positive integé¥s;i 2 N such thatbBi(z)
approacheggasi !l . The forward limit set for z is the set of all forward limit points of
z.

It was shown in [Lynch et al., 2002], both theoretically and »xperimentally, that a part
will enter a unique uncertainty-reducing forward limit set S under the repeated action of a
throw map T for essentially all initial part con gurations, given an agpropriately chosenh
(0>h> min;d) and . > 0. By choosingh < 0, jogs are guaranteed to be outward
(x coordinate increasing), as the initial velocity of the leftsupport vertex has an outward
component. By choosingh > min; d', the velocity of the center of mass during ight is
inward, guaranteeing that ips will result in a decrease in he x coordinate. The result is
that parts jog out and eventually ip inward, creating a unique forward limit set such as
that illustrated in Fig. 5.

We de ne the unique forward limit set S associated with a throw velocity o as S( ),
where the arm geometry and part properties are implicit. Whe there is no possibility for
ambiguity, we simply write S. The limit set S is bounded from above and below in th&*
component. It is usefully characterized by the bounds sup and infS, de ned by

X<ri) T(xi)=(x+ x;i)
() % 1) T(ei)=( :(i+1) mod(n))
fCi)ix<"i) (xi)2ZSg

supS
inf S

where x is some positive number and is arbitrary. Hence, both supS and inf S consist of
n numbers for a part with n stable sides. Any throwT (x;i), wherel; <x <r j, results in an
outward jog (the part lands on the initial edge) while any thow with x  r; results in a ip

(the part ips to a new edge).

Beginning from this, we show how to alter the mass propertiesf the part to change
the shape of the forward limit set, and how to add a xture to clange a globally-attractive
limit set into a globally-attractive xed point. Before doing this, however, we establish the
constructive controllability of the position and orientation of a part by throws.

3 Constructive Controllability for a Single Part

Our goal is to show that, for a xed arm geometryh (0 > h >  min; d'), there exists a
sequence of throws to take the part from any initial resting @n guration to a desired nal
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resting con guration (x¢ ;iz) for any i and for x; su ciently large. The outline of the proof
is as follows. First we show that for a constant throwing veloty —, the part will eventually
achieve a con guration ;is) 2 S(-), wherex < x; >1;,. Once the part has reached such
a con guration, there exists a sequence of throws that jog tb the desired position ks ;is).
To implement a simple approximation to the control, we requie two one-bit sensors: one to
tell us when the part has reached a con gurationX < x¢;i¢) and another to tell us when
it has approximately (within ) reached its destination, where can be chosen arbitrarily
small.

Lemma 3.1 For a given o and corresponding limit setS(-), and any (Xo; o), for all i
there exists ak such that(T *)X(Xo;i0) = (X;it) 2 S(=).

Sketch of Proof: Note that in Egs. (1) and (3), X(timpact) Can be determined by rst
solving Eq. (3) fortinpact (the time the part hits the arm) and then substituting into Eq. (1).
We can approximately solve this by the small-angle approxiation replacing sin(-timpact )U,°
With  +timpact U,° @nd replacing cos-timpact )V|° With v;°. Doing so, we get that

2 . .
X(timpact) =R+ é(h V,I_O)(R + UILO) _EZ

This implies that X(timpact ) depends linearly onR and quadratically on —.. This, along with
the fact that x > 0, implies that for any xo and throw k, Xx+1 Xk > Xk Xk 1. Therefore,
every throw increasex by some minimum amount > 0. This implies that there are no
equilibria (as was also shown in [Lynch et al., 2002]) beforeaching the criticalr;, where it
ips from side i to sideip + 1, and that the part reachesr;, in nite time. This is true for
all stable sides, so the part must eventually rest on all stéé sides.

Lemma 3.2 For any initial position (Xo;ig) and any nal position (X; ;i) such thati; = i
and x; > X o, there exists a sequence of throws!; 2;:::; Xg such that

Tﬂj‘(xo;io) = (Xg;lf):
j=1

Proof: The x coordinate of the left support vertex at timet after release is
Vi() = R (h+ d°) ot + ul°cos(+t) Vi°sin(t):

For a su ciently small release velocity -, the ight time tinpact is also small, and the small-
angle approximation allows us to write the net displacemerifter time tinpact as

Vo= h —+Limpact ;

wheretimpact IS monotonically increasing with the control—.. By our design choice oh < 0,
we have Vi > 0 (an outward jog). By the Implicit Function Theorem [Marsden and
Ho man, 1993], there exists a > 0 such that for all x 2 (Xg;Xo + ), there exists a +
such that T~ (Xo;i0) = (X ;i0). We can connect together open neighborhoods fromx, to
X¢ to create the sequence of throws necessary. Note that the rioen of throws required is
bounded above by**°, sok is nite.

Lemma 3.1 and 3.2 are combined in Proposition 3.3.

11
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Figure 7: (Left) A part in its nal controlled con guration. (Right) The trace of the part's
con guration.

Proposition 3.3 Let S be a limit set for some input? and|; 2 inf S. Then, for any initial
position (Xo;ip) and any nal position (Xs;i¢) such thatx; >r;, , there exists a sequence of

throws f _1; 2::::; Kg such that

T T 1 T

T+ (Xo;i0) = (Xt 3it):
j=1

Proof: This is a direct consequence of the two previous Lemmas. Qivan initial
con guration (Xo;ig) and a nal con guration ( X;;if), we can choose any. to get the part
to side iy by Lemma 3.1, and we need only choose one such thigt, the lower bound inx
for sidei; in the limit set, is less thanx;. Then, by Lemma 3.2, we can use a sequence of
low-velocity throws to jog from (X;is) to (Xs;i¢).
That is, the system is controllable from Ko;io) to (Xs ;i) provided that x; >r;, , the
bound on the limit set.

3.1 Experimental Implementation

Notice that the proof of Lemma 3.2 implies that arbitrarily snall translations in x can be
achieved. Therefore, if it is su cient that the part be within of x;, we can adopt a simple
feedback controller. First we repeatedly use a relativelyatge release velocity to get the
part to the desired side. This is sensed with a one-bit sensadnce on the correct side, we
switch to a low release velocity that slowly jogs the part tohe goalx; coordinate. If
is chosen su ciently low, the goalx; value can be reached with arbitrarily good precision,
where the presence of the part in the goal state is sensed byo#lrer one-bit sensor. There
is a tradeo in this precision, however; the smaller the requed goal radius , the lower the
release velocity, meaning shorter jogs and a longer time teach the goal region.

We implemented this control strategy on the experimental stem. The part is a 30-60-90
triangle with a hypotenuse of 171 cm and a center of mass located@icm from the short side
of the right angle and 29 cm from the long side of the right angle. The arm approximase
an impulsive throw by recoiling a few degrees and then contliog its angle to a setpoint
(using a PD controller) such that the maximum overshoot is wén the arm is approximately
horizontal. The vision system acts as the necessary one-bénsors.
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Fig. 7 (top) shows the stopped arm after the part has reachede desired position and
orientation. Fig. 7 (bottom) is a plot of the con guration of the part during the run. The
sides are labeled in a clockwise fashion (so that a ip makekd part transition from side
i to sidei + 1), with side 2 being the longest side. The release velocitg . = 5:6 rad=s,
and g = 966 cm=s*. We can see the part starts on side 0, jogs forward once and theps
to side 1, jogs on side 1, ips to side 2, and nally jogs forwar on side 2. The part jogs
forward until it reaches the end of the arm. Note that the reskting experimental iterated
throw map matches that in Fig. 5 well. This experiment was regated 20 times with random
initial conditions (obtained by dropping the part onto the am) and resulted in the part
being within 1 cm of the desired position on the arm in the coect orientation 100% of those
times?2

4  Shaping Forward Limit Sets

We now address the second contribution of this paper|desigimg part properties and the
throwing velocity to shape the forward limit set of a throw ma. In this case, we will design
supS to guarantee that a part can only reach a particular locatioron the arm if it is in
the desired orientation. We rst compute an approximation 6 the throw map mapping an
initial con guration ( Xo;ig) to nal con guration ( X ;if). We use this to compute the critical
points at which the part will change from jogs to ips. Then weuse a nonlinear root nding
algorithm to solve for physical parameters given desireditical points. The design of the
parts handling is therefore completely in terms of the critial points associated with the limit
set behavior.

One can choose any number of physical parameters to vary, luding density, center of
mass location, throwing velocity, side length, etc. For cameteness, we will focus on the
choice of only three parameters, the location of the centef mass and the throwing velocity,
but the approach outlined here is valid for other choice. All that is required is that the
mapping from the parameter space to the desired critical pats be surjective? In fact, we will
see that this calculation comes down to an implicit functiorof the formf (p;r ) =0 2 R",
where n is the number of part stable sidesp are design parameters, and is the desired
set of critical points of the throw map limit set. In other words, we want to chooseg such
that r = sup S(p). The Implicit Function Theorem from classical analysis [Mrsden and
Ho man, 1993] provides a way of testing whether this is at lest locally possible. If it is,
then a nonlinear root nder can be employed to ndp givenr .

4.1 Computing the Limit Set Critical Points

We need to nd an approximate set of relationships between thphysical parametergp we
have control over and the forward limit set (such as that foud in Fig. 5). For every stable
sidei, we want to computer; 2 supS such that for all x < r;, T(x;i) is a jog, and for all

2Movies of all experiments can be found athttp://robotics.colorado.edu/partmanipulation/ .

3We assume that the inertia of the part remains constant as we &ry the center of mass location.

4Because we use only three parameters in our example, we cardiependently design at most three critical
points in supS.
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X >ri, T(x;i)is a ip, based on the equations in Egs. (1-3). The part will ip when its
post-impact total energy (including potential and kineticenergy) is greater than the critical
potential energy UL, needed to rotate to the new side.

Although we can certainly solve for a throw map numericallywe are looking for design
rules to help us iteratively design the parameterp to achieve desired critical pointy;. We
adopt the small-angle approximation around-.tinpact = 0 to nd an approximation to the
post-impact energy. With this approximation, the impact time is found by solving

. 1 S
Vy(t)= h+d + R t+ égt2+ +tul +v, =h

for t, which yields

o2 2+(Ru),
impact g .
Plugging this into Eq. (1) we get the impact con guration K(timpact ); Y(timpact); (timpact)] =
2 3

R+32+ Re+ Ul (h V)

: 2
§ éZR_r R4+ Ul +32 R+ Ul v'Lz:
2+ R++ Ly
Using Eq. (4) to solve for = after impact, we get
0 . . . 1
2.+u R4 2 R4+ Ul Vi  h+v

- 2+ (ul)2+(v))2 A

+

With this we can determine the kinetic energy after impact usg K' = Z((u})? + (v)* +

()2
S u (R+2u)) hvp +(vi)?)? v h+v),

K' =
! : 2
2 2+ (u)?+(v)?

Moreover, the potential energy after impact isngh where h is the height of the center of
mass after impact. _ _ _
U'=2mZ2u  (R+ u))

The critical potential energy is _ _
U(I:rit = mgVIL:

Given the parametersp = [u'ﬁ;v'ﬁ;_f] (for some choice ok), we can calculate the function
function F'(p; R) evaluates to zero at (approximately)R = r;, the maximum x coordinate
belonging to the limit set S(p) for edgei, where the part transitions from a jog to a ip. The
goal is to choose the parametergsuch that F°(p;r,) = Fi(p;ry) = :::= F" Y(p;r, ;) =0,

forward limit set.
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be summarized as follows.

Algorithm for Designing Limit Sets

Given a desired limit set speci ed byr :

1. Choose a set of initial values for the
design parameters;

2. Compute the critical points supS(p);
if supS(p) r , return the success
ful designp, otherwise continue;

3. Approximate the throw map by lin-
earization and determine if the Jaco
bian @F=@ig full rank; if so, con-
tinue to step 4, otherwise abort;

4. Use aroot- nding technique (such a
Newton-Raphson) to take a step in
the parameter spacep p+ p to
bring supS(p) r closer to zero;

LY

5. Go to step 2.

Note that the rank of the Jacobian @F=@is limited by the number of parametersp.
We have chosen three parameters (center of mass location ahdowing velocity), so in our
example below, we design the three critical points of a trighe's throw map.

4.2 Example: Designing a Triangle Limit Set

Our goal is to design the limit set for a triangle so that the pa can only appear at a
particular location on the arm in a particular orientation. We can then add a xture to the
arm to transform the shaped globally-attractive forward Imit set into a globally-attractive
xed point; i.e., the open-loop motion of the arm is guaranted to uniquely position and
orient the part. We use the same triangle as in Section 3.1.

We now consider whether or not the functiork = K + U U = 0 is locally solvable for
p=[uf;Vvf; -] given a set of desired critical points,;r,;r,. Forinstance, assume that (as in
Section 3.1) we havel’; V2] =[ 29cm  4:9 cm] (where side 2 is the hypotenuse). Fig. 8(a)
shows the corresponding limit set with. = 5:6 rad=s = 320 degs. Itis clear that one cannot
predict the orientation of the part purely by its location onthe arm. Instead, we would like
a limit set that is skewed so that some areas on the arm can orihe reached in a particular
orientation. That is, our design criterion is thatr, r; fori 6 2. The rank of the Jacobian
@F=@ip three at the initial operating point [u®;v?; =] = [ 29 cm 4.9 cm 5:6 rad=s],
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Figure 8: A sequence of iterations in the numerical root- nohg techniques used to determine
the part shape. The initial shape has the part reaching the s@ location on the robotic arm
for each side. That is, the part ips to a new side by the time itreaches 20 cm, regardless
of what side it is on. By changing the physical parameters (ithis case the center of mass)
one is able to compute a part that will only go to the end of the ran if it is on side 2. The
optimization procedure iteratively moves the center of masof the triangle until the desired
limit set is achieved. The point marked with 1 is the initial @nter of mass and the algorithm
essentially converges after 3 iterations, as shown in thetbmm gures. Hence, the part has
been designed to be \self-assembled" mechanically.

so we can locally deform the limit set. If we choose a desirehit set of fry;r,;r,g =
f10 cm 10 cm 20 cng, we nd (using the Mathematica command FindRoot, which uses a
damped Newton's method) that a choice ofuf ; v°; ] =[ 4:3 cm  3:3 cm; 6:4 rad=s] gives
rise to these critical points.

This is shown in Fig. 8 where Fig. 8(b) shows an intermediateatculation in this root
nding process and Fig. 8(c) the nal limit set. The iterations of the center of mass are shown
in the bottom gures of Fig. 8. Note that the linearized throw map leads to some error;
Fig. 8(c) indicates that the nal numerically-simulated forward limit set has frg;ry;r>g
f 14; 14, 20g. Nonetheless, the approximate model was su cient for creatg the behavior we
were looking for: if thex coordinate is 20 cm or more, we know the part is on side 2. As we
see in the experiment below, this property can be exploitedytadding a xture to create a
globally-attractive xed point of the throw map.

4.3 Experiment. Globally-Attractive Fixed Point

To test the limit set design, we again used the 30-60-90 plgias triangle from Section 3.1.
We attached a small lead weight to the triangle, allowing usa experimentally move the
center of mass to the desired locatioru};vi] = [ 4:3 cm; 3:3 cm]. The throw velocity
—+ = 6:4 rad=s resulted in the experimental throw map seen in Fig. 9, whetbe part enters
a limit set with frg;rq;rog = 12 cm12 cm 20 cng, which is in between the designed
limit set frg;ry;r,g = £10 cn 10 cnm 20 cng and the simulated limit set fro;rq;r.g =
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Figure 9: The experimental limit set matches the predictedrit set seen in Fig.8(c) reason-
ably well.

f14 cm 14 cm 20 cny.

To turn the globally-attractive forward limit set into a stable xed point, we designed a
cavity at the end of the arm (shown in Fig. 10(b)) to capture tke part in a unique con gu-
ration. Because of the shaped limit set, the part only reackethe cavity on side 2, never on
sides 0 or 1. The cavity is deep enough that subsequent throds not eject the part. This
experiment was repeated 20 times with random initial condibns and was successful 95% of
those times (19/20). The one experiment failed because thanb bounced out of the cavity
by virtue of an unusual impact with the side of the cavity.

5 Self-Assembly of Two Parts

In this last experiment, two 30-60-90 triangles are assengll into a rectangle. To do this,
we use two throw maps|one high-energy low-priority map to randomize the parts' con g-
uration, and one low-energy high-priority map to perform tle assembly. A one-bit sensor
recognizes when the parts are in the basin of attraction of ¢hassembled state in the high-
priority map.

To accomplish the assembly, we modify the arm to have a xtureonsisting of a vertical
wall at the end of the arm. It remains to design the high-priaty throwing motion so that
the two parts assemble against the wall.

The two parts are uniform-mass 30-60-90 right triangles, ashown in Fig. 11. Each
triangle is a re ection of the other. The basin of attractionof the high-priority assembly
throwing motion has part a resting on its intermediate-length edge wholly to the left ©
part b, which is resting on its hypotenuse. This two-dimensionales of resting states has
nonzero measure in the space of all possible resting con gtions, and we have veri ed
experimentally that randomizing high-velocity throws evatually take the parts to this set.

When the sensor recognizes the system in the basin of attraxt of the assembled state
of the high-priority map, the arm changes its rest angle frorhorizontal to an angle < 0,
so that the vertical wall at the end of the arm serves to creata potential well (Fig. 11). The
arm then undergoes a series of low-amplitude throws that hawhe e ect of causing partb
to jog outward until it reaches the wall, at which point its discrete-time throw map becomes
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Figure 10: By designing the limit set for one three-sided parthe part is \fed" at a unique
orientation o the end of the arm in a completely sensorlessaghion. (a) The progress of a
triangular part as it is thrown on the arm. (Note that each jogshown actually corresponds
to multiple throws.) (b) The nal state.
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Figure 11: Self-assembly of two parts. Top left: the parta and b are not in the basin of
attraction of the assembly throw map, so their con gurationis randomized by high energy
throws. Top right: the parts are in the basin of attraction. Middle left: The arm drops to a

rest angle of < 0. Middle right: small jogs cause parb to reach the xture. Bottom left:
part a begins to assemble under patt. Bottom right: assembly is complete.
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Figure 12: To ensure proper assembly, (a) pakkmust not statically lean against the xture,
and (b) part a should not slip out from under partb when the assembly is only partial.

the identity map. Part a moves outward more slowly, due to the fact that the jog distace
depends approximately linearly on the part's distance fronthe arm's rotation joint. Part a
eventually slides under parth, as can be veri ed by a kinematic analysis of the initial thrav
velocities of parta's right support vertex and part bs left support vertex.

To ensure correct assembly, we have the freedom to choose @ angle < 0 and the
release velocity_. > 0 for the high-priority assembly map. We must ensure that parb does
not lean against the wall (Fig. 12(a)), and that intermediae assembly states, when para
is only partially under part b, are stable (Fig. 12(b)), so that assembly can proceed.

Fig. 13 analyzes the possibility of leaning. Triangld® is shown at top leaning against
the wall at an angle with the gravitational force acting at an angle with respect to
vertical in the gure. Assuming a friction coe cient of between the part and the arm and
frictionless contact between the part and the wall, Fig. 13rgphically indicates the possible
contact forces on the part agnoment-labeling regiongMason, 2001]. The resultant forces
that can be provided to triangle b by the contacts must pass counterclockwise around the
region labeled + and clockwise around the region labeled. Therefore, the contacts cannot
generate a force to resist the gravitational force, which gaes through the labeled region.
This indicates that the part must fall. If the friction coe c ient were signi cantly larger,
the part could remain stuck in the leaning position.

After a little manipulation, the condition that the gravity vector pass through the
labeled region, and therefore parb does not get stuck in a leaning position, can be written

cos ((0:14+ )sin 0:58 cos )+
sin (0:42sin 0:14cos) > O

This condition is plotted in Fig. 13 for = f1;29. Even for the extremely high friction
coecient = 2, the part will not remain leaning for < 0:25 rad for any reasonable tilt
angle of the arm. This condition is enforced by limiting the releas velocity -, so the part
never receives enough energy to achieve a lean angle grettian 0:25 rad.
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Figure 13: Top left: a triangle leaning against the wall withthe arm declined at an angle

< 0. Top right: the possible wall and arm contact forces, repsented as moment-labeling
regions, and the gravitational force acting on the part. Thecontacts cannot resist the
gravitational force, and the part must fall against the arm.Bottom: Leaning is impossible
for the (; ) regions shown for two di erent friction coe cients, = f1,;2g.
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Figure 14: Top: a partially assembled state with part rotated < O relative to the arm,

which is declined at an angle < 0. Bottom right: The uniquely determined contact force
f. part a applies to part b to keep part b stationary. Bottom left: fi is the sum of the
gravitational force and the force f. applied by partbto part a. This force can be resisted by
the feasible contact forces with the arm (shown as momentHaling regions), so the partial

assembly is stable.

21



Figure 15: Three snapshots of the two parts being assemblddeft: parts are in the basin of
attraction of the assembled state under the high-prioritydw-energy throwing map. Middle:
a partial assembly. Right: the nal assembly.
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Figure 16: A plot of distance on arm versus number of throws.riiingles denote the location
of one triangle while squares denote the location of the othieiangle. Assembly was achieved
in this particular experiment after fty throws.

Fig. 14 illustrates a partially assembled state. Parb leans against parta at an angle
2( 30;0), where = 30 is the fully assembled state. Assuming frictionless contac
between the parts and static stability of the partial assenly, the contact forcef. applied
by part a to part b is completely speci ed, as shown graphically in the free-blg diagram
for part a. Stability of the partial assembly is guaranteed if the fore f,; acting on part
a, consisting of the gravitational force and the force f., can be resisted by contact forces
with the arm. Because the friction coe cient with the arm is large (measured > 1 for our
system), static stability is assured for all reasonable ciaes of andall 2 ( 30;0).

For our experiments, we used two triangles like the one in Sem 3.1 and chose 10
and - = 5:6 radss, satisfying the \no lean" and partial assembly stability onditions above.
Three snapshots of the assembly process are shown in Fig. I3ata for one experiment
are shown in Fig. 16. The arm throws parts with high amplitudethrows until the 33rd
throw, when the vision system recognizes that they are in thbasin of attraction of the
desired assembled state under the low-amplitude throwingotions. The controller switches
to low-amplitude throws until the two parts converge into their assembled state.

This experiment was repeated 20 times with randomized inél conditions (again gener-
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ated by dropping the part onto the arm) and was successful 7086 those times (14/20). The
primary reason for failure was faulty detection of the contller switching condition due to
the triangles occasionally partially landing on top of eaclother. In this situation the trian-
gles can be very close to the controller switching conditioand still not assemble properly.
This occurs in particular if the tip of the part on the left is actually slightly on top of the
part on the right.

6 Conclusions

The \assembly program" for a desired assembly can be encodasl a control program for
one or more assembly robots, as in traditional robot assemgbbr it can be distributed to the
design of part physical characteristics, xtures, and sews-based control of environmental
parameters governing controlled vibration of xtures (or,in the case of this paper, impulsive
throwing motions). The former case encourages analysis difetkinematics and quasistatic
mechanics of assembly sequences, while the latter case areges a statistical or dynamical
systems theory approach.

In this paper we adopt the second viewpoint and consider asdiglies induced by parame-
terized dynamical systems. Our controls are the choices tigt parameters of those dynamical
systems, which may include part characteristics, xture gemetry, and controlled motion of
the xtures. Sensors may be used in feedback to determine whi switch between di erent
dynamical systems.

In some cases, it is possible to choose a single set of conpatameters to achieve a
dynamical system characterized by a globally-attractive xed point without using sensors.
This is demonstrated in Section 4, where we design the partsass parameters, the arm's
throwing velocity, and a xture to achieve global convergeoe to a known state.

In other cases, we can switch among multiple dynamical syste. The switching can be
prompted by sensor feedback. This relieves us of the requirent of constructing a single
system with a globally convergent stable xed point. This islemonstrated in Section 5, where
two dynamical systems are used: one to randomize the con @iions of the two triangular
parts and another to assemble them into a rectangle from a spe basin of attraction. A
sensor is used to recognize when the parts are in the basin tifaction, prompting a switch
to the low-energy assembly action.

The physics underlying the dynamical systems in this papesirigid-body mechanics
with friction and impact. Because of this, the manipulationproblems described in this
paper resemble past work in sensorless and minimalist pafeeding, which use quasistatic
operations such as pushing and squeezing to reduce part utaimity. This rational mechanics
approach relies on precise geometric models of the partsdamften knowledge of the parts'
mass distribution and friction and restitution coe cients. Indeed, this approach is used to
help design the low-energy assembly map of Section 5.

Our long-term interest, however, is in developing tools toupport control when the
mechanics becomes too complex for the rational mechanicpegach to be useful. In some
systems where the detailed mechanics may be expensive to wdate, properties such as
stable xed points, limit cycles, invariant sets, and ergottity may be reliably predicted. For
example, a globally-attractive stable limit set of a repetively thrown part may be predicted
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even if its exact shape can only be determined by simulatiorr experiment. These features
of nonlinear dynamical systems may form an appropriate hign-level modeling language
to support sensor design and centralized feedback controlr fself-assembly processes. The
limit set shaping and sensor-based sequencing of dynamisgstems described in this paper
represents our preliminary experimental work in this direion.
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